New variables of separation for few integrable systems on the two-dimensional sphere with higher order integrals of motion are considered in detail. We explicitly describe canonical transformations of initial physical variables to the variables of separation and vice versa, calculate the corresponding quadratures and discuss some possible integrable deformations of initial systems .
Introduction
A fundamental requirement for new developments in mechanics is to unravel the geometry that underlies different dynamical systems, especially mechanical systems. There are several reasons why this geometrical understanding is fundamental. First, it is a key tool for reduction by symmetries and for the geometric characterization of the integrability and stability theories. Second, the effective use of numerical techniques is often based on the comprehension of the fundamental structures appearing in the dynamics of mechanical and control systems. In fact, geometric analysis of such systems reveals what they have in common and indicates the most suitable strategy to obtain and to analyze their solutions.
Already in 19th century Euler and Lagrange established a mathematically satisfactory foundation of Newtonian mechanics. In [10] Jacobi united their ideas with the Hamilton optic theory and with the Abel geometric methods at a new Hamilton-Jacobi formalism. The Hamilton-Jacobi formalism was a crucial step towards Liouvilles classical definition of the notion of integrability [15] based on the notion of first integrals of motion.
The Liouville definition of integrable Hamiltonian systems naturally covered many classical examples. Among them are the Kepler motion solved by Newton, harmonic oscillators solvable by trigonometric functions, the Euler and Lagrange spinning tops and the Jacobi example of geodesic motion on an ellipsoid solvable by elliptic functions [2] , the Neumann system on the sphere [16] and Kowalevski top [13] solved terms of hyperelliptic functions etc. In novel times much attention owing to the another discovery of the vast class of integrable soliton nonlinear partial differential equation, that admits this type of integrability when dynamics is restricted to finite dimensional Liouville tori and the system appeared to be completely integrable in the Liouville-Arnold sense. They all are more or less connected with the hyperelliptic curves and with the hyperelliptic functions [1, 10, 17] . Below we show that foregoing development of the theory detected a number of cases when associated algebraic curve is non hyperelliptic and and its genus exceeds the number degrees of freedom [24, 26, 27] .
Bi-Hamiltonian structures can be seen as a dual formulation of integrability and separability, in the sense that they substitute a hierarchy of compatible Poisson structures to the hierarchy of functions in involution, which may be treated either as integrals of motion or as variables of separation for some dynamical system [20] . The Eisenhart-Benenti theory was embedded into the bi-Hamiltonian set-up using the lifting of the conformal Killing tensor that lies at the heart of Benenti's construction, which may be realized as a computer algorithm [9] . The concept of natural Poisson bivectors allows us to generalize this construction and to study systems with quadratic and higher order integrals of motion in framework of a single theory [20, 23, 24] .
where ., . means inner product. Using canonical transformations x → αx we will always put C 1 = 1 without loss of generality.
If the square integral of motion C 2 = x, J is equal to zero, rigid body dynamics may be restricted on the unit sphere S 2 and we can use standard spherical coordinate system on its cotangent bundle T * S 2 x 1 = sin φ sin θ, x 2 = cos φ sin θ, x 3 = cos θ ,
We use these variables in order to determine canonical variables of separation on T * S 2 . As usual all the results are presented up to the linear canonical transformations, which consist of rotations
where α is an arbitrary parameter and U is an orthogonal constant matrix, and shifts
where S is an arbitrary 3×3 skew-symmetric constant matrix. Of course, any canonical transformation of the spherical variables (1.4) yields automorphism of e * (3) too. For instance, trivial canonical transformation
gives rise to "generalized" shift depending on arbitrary function f (x 3 ):
This and more complicated canonical transformations of e * (3) are discussed in [2, 11] .
Kowalevski top and Chaplygin system
Following to [21, 22, 24] , we determine canonical coordinates q 1,2 on T * S 2 as roots of the following polynomial
Then we can introduce auxiliary polynomial
It entails that
are canonically conjugated momenta on T * S 2 with the standard Poisson brackets
Below we prove that at α = 1, 2 this variables are variables of separation for the Kowalevski top and Chaplygin system, respectively.
Kowalevski top
Let us consider Kowalevski top defined by the following integrals of motion
In original Kowalevski work [13] the first step in the separation of variables method is the complexification: she introduces
as independent complex variables. Next she makes her famous change of variables
The fourth degree polynomials R(z i , z k ) may be found in [13, 2] . It brings the system (1.2) to the form
where
Consequently, initial equations of motion can be written as hyperelliptic quadratureṡ
where we can substitute the conjugated momenta p s k instead of P (s k ) in order to get standard Abel-Jacobi form. So, the problem can be integrated in term of genus two hyperelliptic functions of time. Finally, we have to substitute these functions of time s k (t) and p s k (t) into the initial variables x, J, the corresponding expressions may be found in [13, 12] . Discussion of the another variables of separation for some particular subcases in the Kowalevski dynamic may be found in [2] . As usual different variables of separation are related with the distinct integrable deformations of the initial integrals of motion.
2.1.1 New real variables of separation at C 2 = 0 According to [24] , at α = 1 coordinates q 1,2 (2.1) are variables of separation associated with the Hamilton function
+ +2ax 2 + 2bx 1 , which may be reduced to the initial Hamiltonian H 1 using rotations (1.5) around the third axis [11] , so we can put a = 0 in (2.1) without loss of generality.
Coordinates q 1,2 (2.1) at α = 1 and a = 0 are defined by
The conjugated momenta p 1,2 are equal to
This variables q 1,2 are differed on a constant terms ±b from variables introduced in [22] . Inverse transformation reads as
5)
Coordinates of separation take values only in the following intervals
similar to the standard elliptic coordinates on the sphere [2] . In this variables integrals of motion H 1,2 (2.3) look like
It is easy to see that integrals of motion and variables of separation are related via the following separated relations
at q = q 1,2 and p = p 1,2 . Equation Φ(q, p) = 0 defines genus three hyperelliptic curve with the following base of the holomorphic differentials
In fact equation (2.6) is invariant with respect to involution (q, p) → (−q, p). Factorization with respect to this involution give rise to elliptic curve.
In variables of separation equations of motion (1.2) have the following forṁ
The above quadratures in the integral form
represent the Abel-Jacobi map associated to the genus three hyperelliptic curve defined by Φ(q, p) = 0.
In particular it means that instead of p in Ω 1,3 (2.7) we have to substitute function on q obtained from the separated relation (2.6). In order to give explicit theta-functions solution one can apply some remarkable relations between roots of certain functions on symmetric products of such curves and quotients of theta-functions with half-integer characteristics, which are historically referred to as root function and are generalized socalled Wurzelfunktionen that were used by Jacobi for the case of ordinary hyperelliptic Jacobians [3, 6] . For the case of odd order hyperelliptic curves such functions were obtained by Weierstrass [28] . Inverting the map (2.7) and substituting symmetric functions of q 1 , q 2 , p 1 , p 2 into (2.5), one finally finds x, J as functions of time.
Deformations of the Kowalewski top
According to [22, 24] , using separated relations
one gets Hamilton function of the generalized Kowalevski top
Second integral of motion is equal to
According to [11, 24] canonical transformation (1.8) reduces Hamilton function (2.9) to the natural form
.
At c = 1 this system coincides with one of the deformations discussed in [29] . Below we will show only the final form (2.11) of the deformed Hamiltonians and will omit the intermediate form (2.9) for the brevity.
It is easy to calculate the corresponding equations of motioṅ
and prove that the Abel-Jacobi map on genus three hyperelliptic curve has the same form (2.7)
where p have to be solution of the separated relation (2.8) and
Chaplygin system
Let us consider Chaplygin system defined by the following Hamilton function
At c = 0 this system and the corresponding variables of separation have been investigated by Chaplygin [4] . Singular term has been added by Goryachev in [8] .
Using rotations (1.5) around the third axis [11] we can put b = 0 without loss of generality. In this case second integral of motion is equal to
According to [21, 24] , coordinates q 1,2 (2.1) are variables of separation for this integrable system at α = 2 and b = 0. In this case q 1,2 are roots of the following polynomial (2.1)
whereas momenta p 1,2 are values of the other auxiliary polynomial
at λ = q 1,2 (2.2). Inverse transformation reads as
13)
As usual coordinates of separation take values only in the following intervals
This variables q 1,2 are related with variables of separation from [21] by the rule q k → q k + a.
In variables of separation integrals of motion read as
at q = q 1,2 and p = p 1,2 . Equation Φ(q, p) = 0 defines genus two algebraic curve with the following holomorphic differentials
,
The corresponding quadratures look likė
The Abel-Jacobi map on genus two hyperelliptic curve has the standard form
where p into Ω 1,2 have to be solution of the separated relation (2.14).
Deformations of the Chaplygin system
According to [21, 24] , if we substitute this variables of separation onto the following separated relations
one gets the Hamilton function of the generalized Chaplygin system
. (2.17)
As for the Kowalevski top, using canonical transformation (1.8) at
we can reduce Hamilton function (2.17) to the natural Hamiltonian
At d = 1 additional term is equal to e(x −4
3 −x −6
3 ) and this system coincides with one of the deformations considered in [29] .
In this case we have genus three hyperelliptic curve with holomorphic differentials
and the corresponding quadratures involve all this differentials
in contrast with other integrable systems on genus three algebraic curves considered in this note.
Integrable systems associated with trigonal curves
According to [26, 24, 27] , we introduce other coordinates q 1,2 on T 8 S 2 defined as roots of the following polynomial
with coefficients
depending on arbitrary functions g(θ) and h(θ). As usual conjugated momenta p 1,2 are equal to
It is easy to prove, that these polynomials satisfy to the following relations
which give rise to canonical Poisson brackets
Substituting variables
into the generic equation of the (3,4) algebraic curve 6) and solving the resulting equations with respect to H 1,2 , one gets the following Hamilton function
7) where geodesic Hamiltonian T and potential V are equal to
Here
Second integral of motion H 2 is a cubic polynomial in momenta p φ and p θ . The resulting Hamiltonian H 1 (3.7) has the natural form, if and only if
So, because w 2 = 0, we have to put
If we want to obtain diagonal metric, then we have to solve integral equation 2h(a depending in addition on function w 1 and parameters a (3.5) and α (3.2). Some particular solutions of these equation have been studied in [19, 26, 24] including integrable systems due to Goryachev, Chaplygin, Dullin, Matveev etc. For all these systems, we collect a 0 and the zero-valued coefficients in (3.8) in the following table 
(3.10)
Goryachev-Chaplygin top
Let us consider Gorychev-Chaplygin top with the following integrals of motion
In this case variables of separation (3.1,3.3) are determined by
They are related with initial variables by the rule
Separated relation is given by equation with real coefficients
Equations of motion in variables of separation look likė
By making the birational change
the curve (3.12) can be transformed to the canonical trigonal form (3.6) at
whereas other parameters are functions on a, b.
Deformation of the Goryachev-Chaplygin top
Substituting q = q 1,2 and µ = 2i q 1,2 p 1,2 into the non-hyperelliptic algebraic curve of genus three defined by the following equation
and solving a pair of the resulting equations with respect to H 1,2 one gets deformation of the initial Hamilton function
, using the generalized shift (1.8) at
In this case quadratures are defined by the following differential equations
If c = 0 and d = e, one gets the usual Goryachev-Chaplygin gyrostat with the Hamiltonian
In this case equation (3.14) defines genus two hyperelliptic curve instead of trigonal one.
Goryachev system
Let us consider Gorychev system on the sphere defined by the following integrals of motion
15)
The corresponding variables of separation q 1,2 and p 1,2 (3.1,3.3) are obtained from
Inverse transformation looks like
In this case quadratures read as
As usual, here µ is a function on q obtained from the separated relation (3.17).
Deformation of the Goryachev system
Using trigonal curve of genus three defined by the following equation
instead of (3.17) one gets deformation of the initial Hamilton function (3.15)
after the generalized shift (1.8) at
The corresponding equations of motion look likė
Birational transformation (3.13) maps the curve (3.19) to the canonical trigonal form (3.6) at a 2 = b 1 = b 2 = 0 .
Case 3 from [19]
Let us consider one more integrable system from [19] defined by the following integrals of motion
Separated relations are defined by equation with the real coefficients
The corresponding quadratures are given by
As for the Goryachev system, birational change (3.13) transforms the equation (3.23) to the canonical trigonal form (3.6) at
It allows us to prove that integrals of motion for this system (3.21) are related with integrals of motion (3.15) for the Goryachev system by the non-canonical transformation (3.10). It may seem that quadratures (3.18) and (3.24) are trivially related by change of time
but we have to keep firmly in mind that µ in (3.18) is a function on q obtained from (3.17) , whereas µ in (3.24) is another function on q obtained from (3.23).
Deformation of the system (3.21)
Similar to the Goryachev system, we can add two term to the initial trigonal curve of genus three (3.23)
Deformation of the initial Hamilton function (3.21) looks like
after canonical transformation (1.8) at
In this case equations of motion are equal tȯ
Dullin-Matveev system
Let us consider the Dullin-Matveev system [5] defined by the following integrals of motion
28)
According to [24] variables of separation q 1,2 and p 1,2 are defined by (3.1,3.3)
or by inverse transformation
, (3.29)
The corresponding separated relations are defined by equation with the real coefficients
and quadratures in differential form look likė
Deformation of the Dullin-Matveev system
Substituting q = q 1,2 and µ = i q 1,2 p 1,2 into the non-hyperelliptic algebraic curve of genus three defined by the following equation
and solving a pair of the resulting equations with respect to H 1,2 one gets deformation of the initial Hamilton function (3.28)
Using the same birational change (3.13) the curve (3.19) can be transformed to the canonical trigonal form (3.6) at c 2 = c 3 = 0.
In this case equations of motion read as
Case 5 from [19]
Let us consider last integrable system from [19] with integrals of motion
34)
Separated relations are defined by The corresponding quadratures are defined by
Non canonical transformations (3.10) relate this equations (3.40) with similar equations (3.33) for the deformed Dullin-Matveev system.
Conclusion
In [21, 22, 26] some new variables of separation for various integrable systems on the sphere with higher order integrals of motion have been obtained by brute force method. In [23, 24] we introduce a concept of natural Poisson, which allows us to understand the geometric origin of this method and to find some common attributes of the variables of separation for the Kowalevski top, Chaplygin system, Goryachev-Chaplygin gyrostat, Goryachev and Dulllin-Matveev systems etc. In this more technical paper we continue our investigations in order to explicitly describe canonical transformations of initial physical variables to variables of separation and vice versa, to calculate the corresponding quadratures and to discuss possible integrable deformations of these systems associated with genus three hyperelliptic and non-hyperelliptic algebraic curves.
In Section 2 we consider real variables of separation for which the separation relations have the real coefficients only. In Section 3 we discuss complex variables of separation and the separation relations with the real coefficients as above. Similar complex variables satisfying to the real separated equations for the Kowalevski top and Goryachev-Chaplygin gyrostat have been found in [14] , for the Kowalevski-Goryachev-Chaplygin gyrostat in [18] and for the Steklov-Lyapunov system in [25] . These and other known complex variables lying on the real algebraic curves are discussed in the book [2] .
Further inquiry is related with numerical, algebro-geometric and topological analysis of the obtained quadratures. For dynamical systems associated with the (3,4) trigonal curve (3.6) we also want to discuss an application of the Kowalevski-Painleve criteria to these systems, because in generic case solutions of the corresponding quadratures are non-meromorphic functions of time.
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